
K3 SURFACES

NOAM ELKIES

0. What is a K3 surface

We work over C or at least a subfield of C. A K3 surface X over C is an algebraic surface
over C that is smooth and projective, simply connected, and with canonical class KX ' 0.
(The three K’s are Kodaira, Kummer, and Kähler.)

This definition should make a K3 surface look similar to an elliptic curve. All K3 surfaces
are diffeomorphic as a real manifold to a smooth quartic in P3 or the Kummer surface
Km(A), the resolution of singularities of A/{±1} (blowing up 16 points) of an abelian surface
A = C2/Λ.

The Hodge diamond of a K3 surface is
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This contains reasonably large “motives”. We have H2(X,Z) ' Z22 has intersection struc-
ture given is the even unimodular lattice II3,19. We form periods

∫
H2(X,Z)

ω ∈ C22 with

ω ∈ H0,2(X); since ω is only well-defined up to scaling, we end up with the periods P21(C).
By the intersection form, implying ω ∧ ω = 0, the image lies on a quadric in P21(C). Since
X is algebraic, there is an ample class H with H · H > 0, and we have

∫
H
ω = 0, and

intersecting by the image of this hyperplane we land on a quadric in P20(C). A different
choice of basis will differ by an element of the orthogonal group O(II3,19)(Z). This map
is called the Torelli map, and was investigated by Torelli, Piatetski–Shapiro, Shafarevich.
Conversely, this map is surjective, every period occurs by work of Todorov (1980). Once you
have chosen H ·H = m > 0, you have a moduli space of K3 surfaces.

1. Why do you care

Let L ⊆ NS(X) be a sublattice. Then L is even, and we suppose that L has signature
(1, ρ − 1) and L ↪→ II3,19 primitively with ρ ≤ 20. The latter condition implies that the
discriminant group L∗/L must not have p-rank greater than 22− ρ. Then K3L = {(X,L ↪→
NS(X))} with the embedding compatible with the intersection form. Taking an orthogonal
complement, each connected component of the moduli space has dimension 20 − ρ: we are
left with a lattice of signature 2, 20 − ρ, and for general X, the orthogonal group on the
transcendental lattice is O(2, 20− ρ).

When ρ = 20, the corresponding K3 surfaces are CM or singular, like singular moduli of
elliptic curves. For example, X = Km(E2) where E is an elliptic curve with CM.
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For ρ = 19, we have O(2, 1) which corresponds to modular curves and Shimura curves:
the typical example is Km(E2) where E does not have CM, or more generally Km(E × E ′)
where E,E ′ are isogenous (more specially, a Q-curve).

For ρ = 18, we have O(2, 2); this includes the space is parametrized by Hilbert and
Humbert modular surface.

For ρ = 17, we have O(2, 3), corresponding toA2. (To find those that are actually Kummer
surfaces, we need to check a condition on the lattice.)

For arbitrary ρ, there is a Kuga–Satake construction allowing one to attach an abelian
variety of larger dimension to each K3 surface X.

We now pursue the simplest case where ρ = 17: we take L = U ⊕ E7E8〈−1〉, where U
is a hyperbolic plane. The formulas going from such a lattice to the Igusa invariants of an
abelian surface are due to Kumar.

These are all course moduli spaces, with a nice contravariance property: if L ⊆ L′, then
there is a natural map K3L ⊇ K3L′ . For example, specializing from rank 19 to 20 gives
CM points on modular curves and Shimura curves, and the modular curves live in Hilbert
modular surfaces, etc. Therefore, lattice embeddings give rise to formulas for Igusa invariants
of abelian surfaces with certain quadratic multiplication.

2. Why do I care

In this vein, it is possible to write down certain K3 surfaces quite explicitly and there
are interesting arithmetic reasons to do so (beyond Langlands). For example, K3 surfaces
show up in Diophantine equations, in period integrals and point counting modulo p, moduli
problems in algebraic geometry, and Diophantine records.

By Riemann–Roch, if D > 0 then dim(Γ(D)) ≥ 2 + 1
2
(D · D). So if H · H = 4, then

dim(Γ(H)) = 4, and usually it is exactly 4, so we get a map X
Γ(H)−−−→ P3. Sometimes you

fail to get a smooth quartic, and that can happen when E > 0 is a divisor with E ·H = 0;
then it could not map to a curve in P3 and must instead map to a singular point to avoid
intersecting positively with H. So if we let H⊥ = {E ∈ NS(X) : E > 0, E · H > 0}; these
map to a set of singular points. More generally, if we have an ADE singularity, blowing up
the singularity gives a configuration in NS(X) of the corresponding type.

Every once in a while, the map X → P3 is not one-to-one, such as when X maps two-
to-one to a quadric P1 × P1, realizing X as a double cover y2 = P4,4(t, t′) where P4,4 is a
polynomial of degree 4 in t and t′. (One can also have singularities here.

But in general, when H · H = 4 we obtain a (smooth) quartic in P3. Generically, we
will have a 19-dimensional space: and indeed, the space of quartics has dimension

(
7
3

)
= 35,

generically such a quartic has a finite group of singularities, so we need to mod out by
GL4 of dimension 16, yielding indeed a space of dimension 35 − 16 = 19. If we compute
Γ(mH) = 4, 10, 20, 34 for m = 1, 2, 3, 4, we see a unique quartic polynomial which describes
the vanishing locus of X.

We can detect lines ` on such a quartic; by adjunction, we have `2 = −2, and ` ·H = 1,
so we are counting vectors in the lattice (working modulo H⊥.

Next, if H · H = 6, we have a map to P4 defined as a (2, 3)-complete intersection; if
H ·H = 8 we have a (2, 2, 2)-complete intersection in P5. (This is like the canonical embedding
of a curve.) If we take K3 surfaces with many rational lines, intersecting with a general
hyperplane we obtain genus 3, 4, 5 curves with many rational points.
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(If H ·H < 4, then because H ·H is even, we could only have H ·H = 0, 2. If H ·H = 2,
then we would get a two-to-one cover X → P2, and we get y2 = P6(x0, x1, x2) a double cover
of a sextic polynomial P6. (Dimension check:

(
7
2

)
= 28 and 28 − 32 = 19.) If H · H = 0,

then X → P1 and H is not ample, and equipping the lattice with an ample class, we try
the simplest case where NS(X) · H = Z so then after a new linear combination we have a
hyperbolic place U ⊇ H, so there is a surface mapping to P1 whose fibers are elliptic curves,
and whose sections are the Neron–Severi group. Indeed, the fiber f and the section s satisfy
f · f = 0 and s · s = −2 and s · f = 1, isometric to a hyperbolic plane. We have a narrow
Weierstrass equation y2 = x3 + A(t)x+B(t) with degA(t) = 8 and degB(t) = 12.

Theorem 2.1 (Tate–Shioda). If X → P1 is an elliptic fibration, then NS(X) ⊇ U ⊕L〈−1〉,
where L contains ADE〈−1〉 one for each singular fiber, and L modulo the ADE group is the
Mordell-Weil group.

Tate’s algorithm computes the ADE part. Different choices of U yield different fibrations
and correspond to different realizations of the same elliptic surface.

Example 2.2. Let L = II1,17. We write L = U ⊕ L′〈−1〉. We must have L′ = E8 ⊕ E8 or
L′ = D+

16. In the latter case, when you apply Tate’s algorithm, looking at the root diagram:

So we want an E8 fiber at 0 and at ∞. Tate’s criterion for E8 means that v(A) ≥ 4 and
v(B) ≥ 5 at both 0 and ∞, so A(t) = a0t

4 and B(t) = b−t
5 + bt6 + b+t

7, and b−b+ 6= 0,
with y2 = x3 +A(t)x+B(t). We can rescale t by any scalar and A,B by u4, u6, so we have
4 − 2 = 2 parameters indeed. The generic one of these surfaces does not have any further
Neron–Severi group or Mordell–Weil group.

Instead of unwinding Tate’s algorithm, we argue by inspection as follows. We rescale to
get

t6y2 = t6x3 + a0t
6x+ (b−t

5 + bt6 + b+t
7)

so
y2 = x3 + a0x+ (b−t

−1 + b+ b+t)
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and setting x = 0 we get y2 = αt+β+γt−1 or y2 = αt3 +βt2 +γt and we see the two-torsion
point. This gives Sym2(X(1)), and we could reinterpret this in terms of the Kummer.

(If instead we allow an E7 ⊕ E8, we instead get v(A) = 3 at 0, and we argue similarly.)

The natural place to put this is in a database of some kind. (We have a few dozen
interesting families of K3 surfaces with connections between them.)

Diophantine examples: the right triangles with sides a, b, c and area
√
D has equation

(a+ b+ c)(a+ b− c)(−a+ b+ c)(a− b+ c) = Kd4, a quartic surface, with Picard rank 20.
The Euler cuboid is also K3, the intersection of three quadrics in P5. (There are also related
Poncelet heptagons, giving rise to the universal elliptic curve over X1(7), a K3 surface.) . . .
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